The phase transition of the quantum spin-1/2 frustrated Heisenberg antiferroferromagnet on an anisotropic square lattice is studied by using a variational treatment. The boundaries between these ordered phases merge at the quantum critical endpoint (QCE). Below this QCE there is again a direct first-order transition between the AF and CAF phases, with a behavior approximately described by the classical line α c λ/2.
ble. In particular, one of the frustrated 2d models most discussed is the quantum spin-1/2
Heisenberg antiferromagnet on a square lattice with competing nearest-neighbor (NN) and next-nearest-neighbor (NNN) antiferromagnetic exchange interactions (known as J 1 − J 2 model) [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
The At α = α 2c , the magnetization jumps from a nonzero to a zero value. The phase transition from Néel to the quantum paramagnetic state is second order, whereas the transition from the collinear to the quantum paramagnetic state is first order 17 [27] [28] [29] [30] [31] [32] [33] [34] , the so-called destroys it completely at a certain value of the interchain parameter λ.
On the other hand, by using the continuum limit of the The ground state (GS) properties of the two-dimensional frustrated Heisenberg antiferromagnet have been investigated by various methods. The exact diagonalization starts from singlet states on pairs of sites, which cover the whole 2d lattice. However, the manifold of these states which can be constructed is nonorthogonal and overcomplete. This numerical methods are limited to small clusters N ≤ 6 × 6 = 36 due to storage problems. The computation on the largest cluster 6 × 6 has been performed by Schulz and co-workes with a more sophisticated method (exact diagonalization). In this work, we generalize this variational method to treat the anisotropic square lattice ( J 1 − J 1 − J 2 model). The rest of this paper is organized as follows: In Sec. II, the model is presented and a brief discussion of results. In Sec. III, the method is applied for the case of one plaquette with four spins interacting with other plaquette type mean field approximation. Main results will be presented in Sec. IV, as well as some discussions. Finally, in Sec. V we will give a brief summary.
II. MODEL
The critical behavior of the quantum spin-1/2 J 1 − J 2 Heisenberg model has been studied for many years, but very little has been done in the anisotropic square lattice case, which is described by following Hamiltonian:
where σ i,j =(σ have the presence of a quantum critical endpoint (QCE) and not QTP as mentioned other works 30, 34 Therefore, the objective of this work is to obtain the QCE using the variational method, that was developed previously by Oliveira 18 in the pure limit (λ = 1) case.
III. METHOD
We first express the fluctuations around the classical ground state (AF and CAF phases),
where consider a trial vector state |Ψ 0 = N/4 l=1 |φ 0l for the ground state as a product of plaquette state |φ 0l . We denote the plaquettes by l label, that is composed of four spins, where it do not overlap (mean field ) on the square lattice as illustrated in figure 1. Each plaquette state is given by Using the trial vector state defined in the Eq. (2), we obtain the magnetizations at each site that are given by 
where we have used the same set of parameters (canonical transformation) of Ref.
and w = (a 4 − a 6 ) / √ 2, which obeys the normalization condition x 2 +y 2 +z 2 +u 2 +v 2 +w 2 = 1.
The ground state energy per spin and unit of J 1 , E 0 = Ψ 0 |H| Ψ 0 /N J 1 , is given by
with
and
where O µ = φ 0µ |O| φ 0µ is the mean value of a given observable O calculated in the vector state of the µ(= A, B, C, D) plaquette as illustrated in Fig. 1 .
The variational energy can be evaluated using the properties of the spin-1/2 Pauli operator components, i.e., σ z |± = ± |± ,σ x |± = |∓ and σ y |± = ±i |∓ , that is expressed for
To obtain the minimum energy with a boundary condition given by normalization
, we use the Lagrange multiplier method which correspond the minimization of the functional
The stationary solutions (δF = 0) are obtained by solving the set of nonlinear equations
where η is the Lagrange multiplier.
IV. RESULTS
The variational parameters x, y, z, u, v, w, and η are determined simultaneously solving the system of equations (12) combined with the normalization condition x 2 + y 2 + z 2 + u 2 + v 2 + w 2 = 1 for each phase. In the quantum paramagnetic (QP) phase we have
We note that in the isotropic limit (λ = 1), our results reduce the same expression obtained by Oliveira 18 . In this disordered phase, the ground state vector |φ 0l is an eigenvector of S 2 l , where S l is the total spin of the lth plaquette of four spins, with zero eigenvalue (singlet state). In the AF ordered phase we have the boundary condition 
